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Abstract

Two-stage selection pipelines—where a cheap screener S decides who moves on to an expensive,
high-quality assessor H—have become a default design in hiring, credit, medical triage, and
content moderation. Intuition says that a higher level of agreement between the screener and
the assessor must be helpful, or at least not harmful. We show the opposite: once the screener
becomes too similar to the assessor, the pipeline can flip from helpful to harmful.

To formalize this, we consider a two-stage selection pipeline where each candidate is charac-
terized by a latent true quality @, a screener score S, and an assessor score H. We model (),S,H)
as a trivariate Gaussian with unit variances and correlations Corr(S,Q) =0g, Corr(H,Q) = 0y,
Corr(S,H) = 0. For fixed acceptance thresholds 75 and 777, we derive a closed-form expression of
expected quality for selected cases E[@ | S > 75, H > 757 ] and prove a simple rule:

S is helpful <— 0 <05/0g.

The ratio 8* := 0,/0;, is the screener’s normalized predictive power for €. If the screener pre-
dicts H better than this benchmark, it merely duplicates H’s judgment, gatekeeps on the same
mistakes, and lowers the final expected quality. Random shortlisting, skipping, or reversing S’s
decision then typically improves the expected quality of the selected cases, even when S is posi-
tively predictive of true quality @ —a counter-intuitive “good screener gone bad” effect.

We consider the algorithmic and managerial implications for human-AI collaboration, discuss
how proxy targets, feature overlap, and imprinting can silently push 6 above 8*, and provide de-
sign levers to keep 0 below 8*. We also connect this phenomenon to the fidelity paradox in knowl-
edge distillation in machine learning: when student models match teacher models too closely,
they lose generalization. The main takeaway is that the predictive performance of the screener in
predicting @ (fs) is an insufficient diagnostic metric for the overall performance of the pipeline.
The inter-stage correlation 6 is a key diagnostic that should be monitored as carefully as accuracy.

keywords: Two-stage selection pipelines, Human-Al Collaboration, Knowledge Distillation, Fi-
delity Paradox



1 Introduction

A common engineering fix for high-cost decision environments is to insert a cheap screener that
quickly removes most low-value cases before an expensive expert assessor gives the shortlisted cases
a thorough look. Applicant tracking systems pre-filter résumés for human interview panels; triage
tests decide who proceeds to an MRI; rule-based triggers flag credit applications for a full bureau
pull; keyword filters queue suspected posts for human moderators. In each example, the upstream
screener S and the downstream assessor H aim at predicting some true latent quality @ (e.g., future
job performance, a true medical state, creditworthiness, or policy compliance).

The folk intuition behind two-stage selection pipelines is that a higher level of agreement be-
tween the screener and the assessor must be helpful, or at least not harmful. Agreement is usually
measured by the accuracy of the screener at predicting the decisions of the expert assessor, and
greater agreement with the expert is often seen as “validation” of the screener. That is especially
true in cases where we do not have direct observation of the true quality outcomes for the counter-
factual cases (i.e., cases rejected by the screener or the expert assessor). This paper shows that such
intuition can be fatally flawed.

When the screener S and the expert H become too similar, the screener no longer contributes
novel signal—it merely duplicates the expert’s judgment, but does so with lower fidelity, suppressing
information gain. The unwitting result is that high-quality cases uniquely recognized by H are
screened out, while low-quality cases that fool both stages slip through. Counterintuitively, when S
and H are too similar, the overall quality of the selected pool decreases, yielding worse performance
than random shortlisting, even when the screener is positively predictive of the true quality @. We
call this the “good screener gone bad” effect.

We formalize this effect in the simplest possible setting, where each candidate is characterized
by a latent true quality @, a screener score S, and an assessor score H. In the first stage, candidates
whose S score exceeds a threshold 75 are shortlisted. In the second stage, shortlisted candidates
whose H score exceeds a threshold 7z are finally selected. We model (®,S,H) as a trivariate Gaus-
sian with unit variances and correlations Corr(S,Q) = 6g, Corr(H,Q) = 0y, Corr(S,H) = 6. 0Og
captures the predictive ability of the screener S in predicting @. 6y captures the predictive ability
of the expert assessor H in predicting @. 6 captures the level of agreement between the screener S
and the expert assessor H. With fixed acceptance thresholds in each stage, we derive a closed-form

expression for the expected latent quality of selected cases and prove a simple rule:

A screener is helpful while it predicts the expert more poorly than it predicts the true
quality. Formally, the screener is guaranteed to improve outcomes iff 0 < 0* with 0* =
0s/67;.

The critical ratio 0* is the screener’s normalized predictive power for Q. Once 0 > 0*, S excels
at imitating H relative to its own ability to predict @, and the pipeline is typically better off with

random shortlisting, skipping, or even reversing the screener’s decision.



Our theoretical results have direct implications for human-AI collaboration, where an algorithm
takes the role of the screener. We discuss some practical scenarios where 8 becomes too high by de-
sign (proxy target, feature overlap, imprinting), and design levers to mitigate the detrimental effect.
Our results also resonate with the fidelity paradox observed in knowledge distillation: student net-
works that match teacher outputs too closely often lose generalization performance compared with
students allowed moderate disagreement (Nagarajan et al., 2023; Guo et al., 2024). Both settings
warn that excessive agreement between consecutive decision modules can harm the end goal. The
shared lesson is that the proxy decision-maker must complement, not out-mimic, the expert.

Roadmap: Section 2 introduces the formal model. Section 3 proves the critical condition 6*
that separates a helpful screener from a harmful one, and benchmarks a 2-stage selection pipeline
against random shortlisting. Section 4 provides some practical scenarios where 0 can exceed 6%,
and methods to mitigate the negative effect. Section 5 situates the findings within the knowledge-

distillation literature. We conclude with limitations and directions for future work.

2 Model Setup

We consider a selection pipeline where candidates have a latent true quality @ (e.g., true job perfor-
mance, actual disease state, policy compliance). This quality is estimated by a screener with score
S and a high-quality assessor with score H. We model the vector [@,S,H]” as a multivariate nor-
mal distribution with a mean vector of zeros and a positive-semi-definite covariance matrix . All

marginal variances are normalized to 1 without loss of generality (via linear rescaling).

Q 0 1 0Og 0Oy
S|~A|10],Z=]6g 1 0
H 0 g 6 1

Here, Corr(S,Q) = 0g, Corr(H,Q) = 0g, and Corr(S,H) = 6. Figure 1 illustrates the correlation

structure. Intuitively:
* (g captures the predictive ability of the screener S in predicting @.
® Op captures the predictive ability of the expert assessor H in predicting Q.
* 0 captures the level of agreement between the screener S and the expert assessor H.
The selection process operates in 2 stages with fixed cut-off scores 7g € R and 75 € R:
1. Candidates are screened, and those with S > 7g are shortlisted.

2. Shortlisted candidates are assessed by the expert, and only those with H > 7y are finally

selected.



Figure 1: Correlation structure of the model
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Figure 2: Two—stage pipeline
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Notes: This figure illustrates the 2-stage selection pipeline. In the first stage, the screener shortlists candidates
with scores S > 7g. In the second stage, from the shortlist, the assessor selects candidates with scores H > 7.

Dotted arrows indicate that both stages are noisy estimates of the latent true quality @.

The final selected group is the set of candidates for whom {S > tg,H > ty5}.

1, ifS>1gand H>1py
Select(S,H) =

0, otherwise.

Figure 2 shows this setting graphically.

Assumptions: For the remainder of our analysis, we assume 0 > 60g >0 and 0 <6 < 1. The
condition 8 > fg > 0 implies that the assessor H is more strongly correlated with the true quality @
than the screener S is, and both have a positive correlation with @. This is a common scenario where

a more expensive, higher-quality assessor is better than a cheaper screener.

3 Theoretical Results
3.1 When the screener is negatively informative about true quality @
We first analyze how the screener score S relates to true quality @ fixing the assessor score H.

Proposition 1. For a fixed assessor score H, the screener score S is positively informative about true

quality @ if 0 < 0g/0g. Conversely, it is negatively informative if 0 > 0g/0y.

Proof. See Appendix A.1. O



The above proposition shows a counterintuitive result—that S can be negatively informative
about @ given H even when Og > 0. Intuition says that higher S scores should be associated with
higher @ scores, since 6g > 0. While this is true in the overall candidate pool, once we condition on
H, S becomes negatively informative about @ if 6 > 0g/0y. This is to say, given two candidates with
the same H score, the candidate with the lower S score has a higher expected true quality when
0 >05/0.

The intuition here is similar to the “explaining away” effect (Pearl, 1988). If the screener S is a
better predictor of assessor H than true quality @ (i.e., 8 > 05/0g), then S’s primary role becomes
explaining H. A high S score sufficiently “explains away” a high H score, reducing the need to infer
a high @. A low S score, however, leaves the high @ as the more likely explanation for the high H

score.

3.2 When screening is worse than random shortlisting

Proposition 1 shows that the screener is negatively informative about @ at any given H = A if
0 > 0g/0. Now, we consider the case where the screener is negatively informative about @ when
aggregating over all H > tz7. We use random shortlisting (or no screening') as a useful benchmark to
determine when the screener is detrimental to the expected quality of the selected pool in the overall

selection pipeline.

Proposition 2. The screener is detrimental to the average quality of selected candidates, yielding
worse performance than random shortlisting, if 0 > 0g/0 and the thresholds (1g,Tg) lie within a

non-empty region I < R2.
Proof. See Appendix A.2. O

This result shows that screening can be worse than random shortlisting (or no screening) even
when the screener is positively informative about true quality @ (i.e., 8g > 0). A necessary, but not
a sufficient condition, for this to happen is that the screener is more informative about the assessor
than it is about true quality @ (i.e., 8 > 05/0). A second condition is that the thresholds (75, 7f) lie

within a non-empty region 9 < R?, whose boundary is defined by:

GTS—TH) L(ts,T;0) (QTH—TS)
0 S| — =60 - 1
sP(ts) ( e HPp(tH) oG Nepr (1)

where ¢(-) and ®(-) are the standard normal PDF and CDF, and L(a,b;p) = P(X > a,Y > b) is the
bivariate normal survival function. The detrimental region 9 is where the LHS is strictly less than
the RHS. Here, the LHS captures the negative effect due to S and the RHS captures the positive
effect due to H.

Although higher S scores are “locally” worse for overall @ for every H = h (Proposition 1), when

we aggregate over all H > 7y, the overall quality can still increase due to the aggregation effect

IIn terms of quality, random shortlisting is equivalent to no screening.



analogous to Simpson’s Paradox. For example, when the screener is excessively selective (high 1g),
the screener disproportionately shortlists candidates with very high H scores, and these H scores
strongly drive @ upwards. Next, we formally characterize the detrimental region 9 in four asymp-

totic regimes.

3.2.1 Characterization of the Detrimental Threshold Region I

We analyze the behavior of the boundary condition in four asymptotic regimes to characterize the

shape of 9. We assume the necessary condition 6 > 6g/6g holds.

1. Very High Screener Selectivity (75 — +00, fixed 75): The LHS of (1) decays proportionally
to ¢P(rg) ~ e"§'2. The RHS decays faster, proportionally to (,b(%) ~ ¢ T§/21-6")  Gince
1/(1-62) > 1, the RHS decays faster than the LHS. Therefore, for sufficiently large g, the LHS
will be greater than the RHS. Implication: The detrimental condition is not met. For any fixed
7H, the detrimental region is bounded from above by a finite Tgpper(TH). Extremely selective

screeners are always beneficial.

2. Very Low Assessor Selectivity (17 — —oo, fixed 7g5): As 1y — —oo, the LHS of (1) ap-
proaches a positive constant, 8g¢(rs). The RHS approaches zero because it is multiplied by
¢(tgr) — 0. The LHS is therefore greater than the RHS. Implication: The detrimental condition
is not met. When the assessor is non-selective, adding a screener is always beneficial (compared

to pure random selection). The boundary T;pper(r ) must approach —oco as 7y — —o0.

3. Very High Assessor Selectivity (17 — +oo, fixed 7g): As 77 — 0o, the distribution of H for
selected candidates becomes concentrated at 7. The beneficial “selection bias” effect (where
selecting for high S also selects for higher H) vanishes. The inequality effectively reduces to
analyzing the conditional expectation at H = 7g7. As shown in the proof of Proposition 1, this is
negative when 6 > 0g/0. Implication: The detrimental condition is met for any finite 7g. As

TH — 00, the boundary Tgpper(r ) must approach +oo.

4. Very Low Screener Selectivity (1g — —oo, fixed 77): As 7g — —oo, both sides of (1) ap-
proach zero, and the condition holds as an equality. Implication: The line Tg = —oco forms the

lower boundary of the detrimental region.

In sum, 9 is the set of points (75,7g) lying in the region —oo < 75 < Tgpper(rH). The upper

boundary curve 175 = Tgpper(r ) is a monotonically increasing function that passes from (—oo,—00) to
(+00, +00), partitioning the threshold plane. Therefore, a screener is detrimental when the assessor
is sufficiently selective (high 7z) but the screener itself is not excessively selective.

As shown in Proposition 2, the detrimental region 9 is non-empty if 8 > 6g/0 for any finite
TH. A natural question is whether the region 9 is large enough for it to be a meaningful concern.
To provide a sense of the relative size of the region 9, we numerically solve for the difference in

expected quality between screening and random shortlisting for (6 = 0.6,05 = 0.2,07 = 0.8), and plot



it as a function of (rg,7y) in Figure 3. Note that for a reasonably selective H (e.g., 7 = 0), the

screener is detrimental for a large interval of 75 (i.e., 75 < 3).

Figure 3: Difference in expected quality of selected candidates between screening and random short-
listing

Worse than random
oL shortlisting

Assessor Threshold (1)
o

Better than random
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Screener Threshold (1g)

Notes: This figure shows the difference in expected quality of selected candidates between screening and
random shortlisting, E[Q|S > 1g,H > 1g7] —E[Q|H > 1g7]. The parameters are: (6 = 0.6,0g = 0.2,07 = 0.8),
satisfying condition 6 > 0g/6. The blue region shows where screening is beneficial (positive difference), while

the red region shows where screening is detrimental (negative difference) compared to random shortlisting.

upper

The boundary curve T S (tg) separates these regions.

4 Managerial and Algorithmic Implications for Human-Al Collabo-

ration

In many two-stage decision pipelines, the screener is often an algorithm. For example, in hiring, al-
gorithmic screening systems filter résumés for human interview panels; in credit, rule-based triggers
flag credit applications for a full bureau pull; in content moderation, keyword filters queue suspected
posts for human moderators. Our theoretical results therefore have direct implications for human-AI
decision pipelines.

As we showed in the previous section, once 6 > 0*, the screener flips from being helpful to harm-
ful. This critical ratio 0* = 0g/0y is often not a design parameter. In practice, the inter-stage corre-
lation 8 = Corr(S,H) can creep above the critical threshold 8* under seemingly innocuous practices

such as training the screener on assessor scores, feature convergence between the screener and as-



sessor, or the assessor imprinting on the screener. Below, we outline the algorithmic design choices

that can push 6 above the critical threshold, and strategies to mitigate the correlation creep.

4.1

1.

4.2

Mechanisms of correlation creep

Training S on H outcomes. In many settings the screener S is trained on the observed
“pass/fail” decisions of H for lack of ground-truth @. The target then becomes a noisy proxy for
H itself, driving 6 upward. This is especially common in hiring, where an algorithmic screener

is often trained on the “pass/fail” decisions of the hiring manager.

. Feature convergence between S and H. Managers often align the screener’s features with

those deemed important by expert assessor H. Overlap in feature space tightens the correla-

tion between scores.

. H imprinting on S (human-in-the-loop pipelines). If the assessor dashboard surfaces the

screener’s score or highlights its top features, the human assessor may become anchored on S,

again inflating 6.

Design levers to keep 0 <0*

. Feature diversification between S and H. Train S on features that H cannot exploit due

to time or cost. For example, in algorithmic hiring, S could be trained on public web footprint

of job applicants rather than résumé keywords.

. Adversarial decorrelation objectives. During training of S, add a regularization term

A[Corr(S,H )] that penalizes correlation between S and H. This can also be done in an end-to-
end manner using adversarial learning that forces S to capture variance in @ orthogonal to H
(see, e.g., Zhang et al., 2018).

. Randomised smoothing. Inject small random noise or dropout masks into S at inference

time; the added noise could reduce deterministic alignment with H.

5 Connection to the Fidelity Paradox in Knowledge Distillation

The threshold phenomenon uncovered in two—stage pipelines echoes a seemingly unrelated observa-

tion from knowledge distillation (KD): students that mimic teachers too faithfully can suffer worse

test accuracy than students that allow moderate disagreement. This “fidelity paradox” has been re-

ported across vision and language benchmarks (Nagarajan et al., 2023; Guo et al., 2024; Stanton

et al., 2021). Here we formalize the analogy between the two domains.

In KD, the training loss is typically a convex combination £ = aKL(S | T) + (1 — &) fnara(S, y),

where a € [0,1] controls fidelity. Empirically, accuracy improves only up to a problem-specific a*,



Table 1: Mapping between two-stage pipelines and knowledge distillation

Two-stage pipeline Knowledge distillation

Cheap screener S Student network S

Expert assessor H Teacher network T

True quantity @ Ground-truth label y

Inter—stage correlation 8 = Corr(S,H) Fidelity weight a in loss

Critical threshold 6* = 0,/0}, Optimal a* < 1 balancing hard vs. soft targets

after which performance degrades—the student overfits the teacher’s idiosyncrasies and loses com-
plementary signal from the hard labels (Nagarajan et al., 2023). Our pipeline threshold 8* plays the
same role: beyond it, the screener’s imitation of the assessor harms final quality.

Both phenomena arise because duplicate information crowds out novel variance. In selection
pipelines, when 0 > 0*, S rarely contradicts H except on noise, eliminating cases where H alone
would add value. In KD, when a > a*, the student’s gradients are dominated by teacher logits,

suppressing learning from ground truth and reducing overall performance.

6 Conclusion

The promise of two—stage decision pipelines is to combine the speed and scale of inexpensive screen-
ers with the accuracy of expert assessors. Our analysis reveals a hidden pitfall: excessive agree-
ment between stages can invert the screener’s value. In the canonical trivariate-Gaussian model,
the pipeline is guaranteed to improve expected true quality only while the inter-stage correlation
0 = Corr(S,H) remains below the critical ratio 0* = 0,/0},, the screener’s normalized predictive power
for the target quantity @. Once 0 > 0*, reversing or bypassing the screener typically increases per-
formance, even when the screener is positively predictive of true quality—a counter-intuitive "good
screener gone bad" effect.

Beyond theory, we discussed real-world mechanisms—proxying on H, feature convergence be-
tween S and H, and H imprinting on S—by which correlation creep silently pushes 6 above 60*. We
proposed several design levers—feature diversification, adversarial decorrelation, random smoothing—
to keep 6 < 0™ in 2-stage algorithmic decision-making pipelines. Furthermore, drawing an analogy
to the fidelity paradox in knowledge distillation, we showed that both domains arrive at the same
design principle: optimal collaboration requires partial disagreement.

While the canonical Gaussian model yields clean theoretical results, it also makes many distribu-
tional assumptions that invite further study. For example, heavy-tailed score distributions—common
in credit or spam detection—may exhibit different critical 6* behavior. Elliptical copulas and rank-
based dependence measures (e.g., Kendall’s 7) are natural extensions. Another extension would be
to consider selection pipelines with more than two stages. Does the information loss due to high

correlation in the initial stages get mitigated in later stages?



Nevertheless, the canonical model offers a valuable lesson—that the predictive performance of
the screener in predicting @ (0g) is an insufficient diagnostic metric for the overall performance of
the pipeline. The inter-stage correlation 6 is a key diagnostic that should be monitored as carefully

as accuracy.

A Proofs

A.1 Proof: Conditional informativeness of the screener, S, given H

Proposition. For a fixed assessor score H, the screener score S is positively informative about true

quality @ if 0 < 0g/0r. Conversely, it is negatively informative if 0 > 0g/0g.

Proof. Positive informativeness is defined by the condition %E[QIS =s,H = h] > 0. We derive the
conditional expectation E[Q|S = s,H = h] using the standard formula for multivariate normal distri-
butions. Let X; = Q and X9 =[S,H]1T. Then,

ELQIS = 5, H = h] = EIQ]+ Cov(Q, [S, H)Cov([S, H1, IS, H])"” (s ~HS] )

h —E[H]

With zero means, this simplifies to:

E[Q|S =s,H =h]=1[0g,05]
=s, = = ,

The inverse of the 2 x 2 covariance matrix is:

-1
16y 1 (1 -6
0 1/ 1-62(-0 1

Substituting this back, we get:

EQIS=s.H=hl=— 1050 1 7O|[°
Q—S,——ms,H_th

1
T 1-62

[0s —00m, 0Op—00g] (2)

P g )
i 1

The informativeness of S is given by the sign of its coefficient, fg. Taking the partial derivative with

respect to s:
0s — 00y

1-62

Since 0 < 0 < 1, the denominator (1 —6?) is positive. Thus, the sign is determined by the numerator.

0
—E[QIS=s,H=h]=
0s



The screener is positively informative if:

0
95—00H>O<=>HS>66H<=>0<9—S

H

Conversely, the screener is negatively informative if 6 > 05/0p. O

A.2 Proof: When the screener is worse than random shortlisting

Proposition. The screener is detrimental to the average quality of selected candidates, yielding worse
performance than random shortlisting, if 0 > 05/0 and the thresholds (tg,Ty) lie within a non-empty

region I cR2. For (t5,7H) € I, we have:
ElQ|S >15,H > 1]l <EIQ|H > 1]

Proof. The proof is structured in four parts.
1. We first establish an equivalent condition for the screener to be detrimental.

2. We then use this condition to prove that 8 > 6g/6f is a necessary condition for a detrimental

region to exist.
3. We derive the analytical equation that defines the boundary of the detrimental region 9.

4. Finally, we prove that if the condition 0 > 05/0 holds, the region 9 is guaranteed to be non-
empty for any finite thresholds.

Part 1: An Equivalent Condition for a Detrimental Screener
The benchmark quality, without a screener, is E[@Q|H > tz]. We can express this using the Law of
Total Expectation by partitioning the sample space {H > 7z} based on the screener outcome, S > 1g

or S<rtg.

EIQ|H >l =P(S >15|H > 1) -EIQ|S > 15,H > TF1]
+P(S<t5|H>1p) -EQ|S <15,H > T[]

The screener is detrimental if E[Q|S > 75,H > 1] < EF[Q|H > ty]. Substituting the expression for
E[Q|H > 1] into this inequality:

EIQIS >15,H > 1]l <P(S >15|H > 1f7) - EIQ|S > 15,H > 1]
+P(S <t5|H>1p) EQIS<15,H > T[]

Since P(S > 1g|-) + P(S < 1g|-) = 1, we can rewrite the LHS as 1-E[Q|S > 15,H > 1].

(1-P(S>15|H>71H))-EQIS>15,H>TH]<P(S <195|H>7H)-EIQ|S <75,H >7H]

10



Using 1-P(S > 1g|-) = P(S <15|-), we get:

P(S<tg|H>7g)-EQIS>15,H>tl<P(S<185|H>7H)-EIQ|S <75,H >71H]

For any finite 7g, the probability P(S < tg|H > 1) is strictly positive. We can therefore divide by
it without changing the inequality’s direction. This yields the equivalent condition: the screener is
detrimental if and only if

E[QIS >15,H>1H]I<EIQ|S <1g5,H >T1H]

This means the screener is detrimental if and only if the average quality of candidates who pass
both tests is strictly lower than the average quality of candidates who pass the assessor but fail the

screener.

Part 2: Necessity of the Condition 0 > 0g/0g

Assume the opposite condition holds: 6 <68g/6f. From Proposition 1, this implies that the coeffi-
05—66y
1-62
E[Q|S =s,H = h] = Bss + Brh is a non-decreasing function of s.

cient g = is non-negative (Bg = 0). This means that for any fixed H = h, the expected quality

Now consider the difference in expected quality between the "pass" and "fail" groups for a fixed

h>tg:
EIQIS >1s,H =h]-EIQIS <715,H = hl= s (EISIS >15,H = h]-E[SIS <75,H = h])

By definition, E[S|S > 15,H = h] > 75 and E[S|S < 15,H = h] < 175. The term in the parentheses is

therefore strictly positive. Since we assumed fBg = 0, the entire expression is non-negative:
E[QIS >15,H=h]=EIQ|S<t5,H=h] forallh>1gH
Now, we average this inequality over the distribution of H in the respective domains:

E[QIS >T5,H>TH]=f EIQIS >15,H =hlph|S >15,H>1H)dh

TH
(e0)
E[QIS<1g,H >1H]= f EIQ|IS <t5,H=hlph|S<15,H>71H)dh
TH
Because the inequality holds for every A, and the distributions are over the same domain, it follows
that the integrated average for the "pass" group must be greater than or equal to that of the "fail"
group. Thus,
E[QIS >15,H>1H]=EIQ|S <15,H > 1H]

Based on the equivalent condition from Part 1, this means the screener cannot be detrimental. There-

fore, it is a necessary condition that 8 > 0g/0 for a detrimental region to exist.

Part 3: Derivation of the Boundary Equation

11



The boundary of the detrimental region 9 is defined by the equality case of the main condition:
ElQIS >1s,H > 1] =EIQIH > 1]
We derive the formulas for these truncated moments using Owen, 1956 and Tallis, 1961.

05t (Y] ot (S

QIS H =
QIS >7s,H > 7] L(rs,7m;0)

o(tH)

EQIH >tgl=EO0gH|H >1H]=0xt[H|H > 1] =0g
1-P(ry)

where ¢(-) and ®(-) are the standard normal PDF and CDF, and L(rg,75;60) = P(S > 15,H > 7f) is

the bivariate normal survival function. Setting these equal:

0sp(rs)® (L) + 0z )® (L2 ) _ Ougtrm)
L(Ts,TH;Q) 1—(1)(TH)

Multiply by the denominator L(tg,7g;0):

HTS—TH) (HTH—TS) Oup(trr)

Osop(r )(D(— +0g¢p(tg)®| —— | =L(1g,14;0) ———

s¢(ts V1ot HP(TH Jiot ST T 5
Rearrange to isolate the g term on the left-hand side:

O0ts—TH Oudp(tH) Oty —715

Osp(t )@(—)=L(r ,TH;0)————— — 0 ¢(T )@(—)

s$(Ts V1ot ST T 50 HP(TH i o

Factor out the common term O ¢(tr) on the right-hand side:

HTS—TH) L(tg,ty;0) (GTH—TS)
6 Ol —|=6 — 2 2| —=2=
sP(Ts) (W HP(TH) - oG /i o2 (*)

This equation defines the boundary of the region 9 . The screener is detrimental when the LHS is
strictly less than the RHS.

Part 4: Existence of the Detrimental Region I~
We now prove that if the necessary condition 6 > 65/6z; holds, then the region 9 is guaranteed
to be non-empty. We use the equivalent condition from Part 1 and analyze its behavior as 7g — —oo.

The screener is detrimental if:

E[QIS > 15, H>TH]I<EIQIS <1g5,H > T1H]

We analyze the limits of both sides as 75 — —oo for a fixed, finite 7.

1. Limit of the '"Pass" Group: As 1g — —oo, the condition S > 7g becomes trivial. The population
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{S > 15,H > 17} converges to the population {H > 7g}.

o(tH)

lim E[Q|S >715,H>1H]=EIQ|H >1]l=0g——
Tg——00 1_(D(TH)

This limit is a finite constant for any finite 7.

. Limit of the '"Fail" Group: The condition S < 75 describes an infinitesimally thin slice of the
distribution’s left tail as Tg — —oo. The expected quality in this slice can be approximated by

the conditional expectation at the boundary, S =1g.
lim E[Q|IS <t5,H>ty]l= lim E[Q|S =s,H > 1]
Tg——00 S——00

Using the Law of Total Expectation and the result from Proposition 1, E[Q|S = s,H = h] =
As+Bh:
ElQ|S =s,H >tl=E[As+Bh|H >tgl=As+B-E[H|S =s,H > 1p1]

The conditional distribution of H given S = s is normal: H|S =s ~ A4 (0s,1— 62). The term
E[H|S = s,H > 1] is the mean of this normal distribution truncated from below at 7g. Its

value is:

-0
[E[HIS:s,H>rH]=93+\/1—92-/1(TH s)

V1-62
where A(2) = ¢(2)/(1-D(2)) is the inverse Mills ratio. A key property of A(2) is that lim,_.,, A(2) =
2. As s — —o0, the argument z = (17 —0s)/V'1 - 602 — +oo (since 6 > 0). Therefore,

T —0s
93+\/1—02( )
vV1-62

Substituting this back into the limit for the "fail" group’s quality:

= lim [@s+Ttg—0s]l=1H

§——00

lim E[H|S=s,H>1g]= lim
§——00 S——00

lim E[Q|S =s,H >1gl= lim (Bss+ Bt
§——00 §——00
Under our pre-condition for detrimental screening, 8 > 05/0g, we have Bg < 0. Therefore:

lim (Bss+ BrtH) = +00
§——00

We have shown that as 7g — —oo, the expected quality of the "pass" group converges to a finite

constant, while the expected quality of the "fail" group converges to positive infinity. Therefore,

there must exist some threshold Tg such that for all 75 < T;, the inequality

EIQ|S >15,H > 1l <EIQ|IS <15,H > 1]

holds. This proves that the detrimental region 9 is non-empty for any fixed 77 when the condition
0 > 0g/0g is met. O
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